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Propensity-score adjustment is a popular technique for handling unit non-
response in sample surveys. If the response probability depends on the
study variable that is subject to missingness, estimating the response
probability often relies on additional distributional assumptions about the
study variable. Instead of making fully parametric assumptions about the
population distribution of the study variable and the response mecha-
nism, we propose a new approach of maximum likelihood estimation that
is based on the distributional assumptions of the observed part of the
sample. Because the model for the observed part of the sample can be
verified from the data, the proposed method is less sensitive to failure of
the assumed model of the outcomes. Results from two limited simulation
studies are presented to compare the performance of the proposed
method with the existing methods. The proposed method is applied to
the exit poll data for the nineteenth legislative election in Korea.

KEY WORDS: Nonresponse error; Nonresponse weighting adjustment;
Not missing at random.

1. INTRODUCTION

The analysis of survey data involves the assumption that data are collected
from a randomly selected sample that is representative of the target
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population. When the representativeness of the sample at hand is in question,
the relationship of the variables in the sample does not necessarily hold in
the population. In practice, survey estimates are subject to various forms of
selection bias that stem from systematic differences between the sample and
the target population. Sources of selection bias at the unit level include dis-
crepancies between the sampling frame and the target population, which is
called coverage error, and failure to obtain responses from the full sample,
which is called nonresponse error. Reducing the selection bias is a crucial
part of improving the scientific foundation for generalizing survey results to
the target population.
Nonresponse has become a major problem in sample surveys as participa-

tion rates have declined in many surveys. Weighting adjustments are common-
ly used to adjust for unit nonresponse. Classical approaches include
poststratification (Holt and Smith 1979), regression weighting (Bethlehem
1988), and raking ratio estimation (Deville, Särndal, and Sautory 1993). Pro-
pensity-score weighting, which increases the sampling weights of the respon-
dents using their inverse response probabilities, is a popular approach for
handling unit nonresponse. Most of the existing work on propensity-score
modeling for unit nonresponse assumes an ignorable mechanism for missing
data (Rubin 1976) and also assumes that the covariates for the propensity-
score model are observed throughout the sample. For examples, see Ekholm
and Laaksonen (1991), Fuller, Loughin, and Baker (1994), Lindström and
Särndal (1999), Kott (2006), Qin, Shao, and Zhang (2008), and Kim and
Riddles (2012). If the missing mechanism is not ignorable, that is, the response
mechanism is related to the variable of interest directly or indirectly, then the
realized sample may overrepresent individuals that are interested in the topic
of the survey, possibly resulting in biased survey estimates (Groves, Presser,
and Dipko 2004). Propensity-score modeling with nonignorable nonresponse
is challenging because the covariates for the propensity-score model are not
always observed.
In this paper, we consider a new approach for parameter estimation for a

propensity-score model under nonignorable nonresponse. Existing approach-
es can be classified as fully parametric approaches or method of moments
approaches. A fully parametric approach, which makes parametric assump-
tions about the population distribution of the study variable, is considered
in Greenlees, Reece, and Zieschang (1982), Baker and Laird (1988),
Ibrahim, Lipsitz, and Chen (1999), and Beaumont (2000). Also, the
Heckman (1979) selection model approach is a fully parametric approach in
the sense that the outcome regression model and the response model are
linked by a joint normal distribution on the error terms of the two models.
These fully parametric approaches can be used to estimate the parameters in the
response model, but the estimates can be very sensitive to failure of the assumed
model. Park and Brown (1994) used a Bayesian method with a data-dependent
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prior to avoid the instability of the maximum likelihood estimators in the analysis
of categorical missing data. Forster and Smith (1998) presented Bayesian methods
using informative priors to handle nonignorable nonresponse. Smith, Skinner, and
Clarke (1999) considered the same problem using profile likelihood. Scharfstein,
Rotnizky, and Robins (1999) discussed a sensitivity analysis for nonignorable
missingness.
On the other hand, the method of moments approach does not directly use

the outcome model while the response model is assumed to be specified.
Chang and Kott (2008) and Kott and Chang (2010) introduced a calibration-
weighting method that does not require an outcome model. The calibration-
weighting method can be viewed as a special case of the generalized method
of moments approach, as discussed in Remark 1 in Section 2. Wang, Shao,
and Kim (2014) gave a more rigorous theory for the calibration-weighting
approach for nonignorable nonresponse.
Instead of the fully parametric or the calibration approach, we consider

an alternative modeling approach that uses parametric model assumptions
about the study variable among the respondents only. Such a modeling
approach has been considered in Lee and Marsh (2000), Sverchkov and
Pfeffermann (2004), and Pfeffermann and Sikov (2011). Our contribution
in this paper is developing the theory and computational details for pa-
rameter estimation and in showing robustness through a limited simula-
tion study.
The proposed parameter estimation method has the following two advan-

tages over the existing methods. First, the proposed method is more efficient
than the calibration-weighting method of Chang and Kott (2008) and Kott
and Chang (2010). Second, the proposed method is more robust than the
fully parametric approach for an incorrectly specified outcome model. The
resulting propensity-score-adjusted estimator is shown to be consistent under
the correct specification of the response probability model, and a consistent
variance estimator is proposed. Furthermore, to obtain the mean score func-
tion without relying on Monte Carlo approximation, we propose a novel
computational tool that is based on the idea of importance sampling applied
to the empirical distribution of the respondents. The proposed method is di-
rectly applicable to the survey sampling setup, as discussed in Remark 2 in
Section 4.
The paper is organized as follows. In Section 2, the basic setup is introduced

and a review of relevant literature is presented. In Section 3, the proposed
method is introduced and its computation is described. In Section 4, some
asymptotic properties of the proposed estimators are presented. In Section 5,
results from two simulation studies are presented and discussed. In Section 6,
we give an application of the proposed method to the exit poll data for the
nineteenth legislative election in Korea. Concluding remarks are made in
Section 7.
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2. BASIC SETUP

Consider an infinite population with random variables (X,Y,δ). Let (xi,yi,δi),
i = 1, . . . ,n, be n independent realizations of (X,Y,δ) from the infinite popula-
tion. In addition, we assume that δ is dichotomous, taking values of 1 or 0,
and yi is observed if and only if δi = 1. The auxiliary variables xi are always
observed for i = 1, . . . ,n. We are interested in estimating θ, which is uniquely
determined by solving E{U(θ;X,Y)} = 0.
In the presence of missing data, if pi ¼ prðdi ¼ 1jxi; yiÞ is known, then the

resulting estimator û ps that is obtained by solving

UpsðuÞ ¼
Xn

i¼1
dip

�1
i UiðuÞ ¼ 0 ð1Þ

is also unbiased because

EfUpsðuÞg ¼ E
Xn
i¼1

Eðdip�1i UiðuÞjxi; yiÞ
( )

¼ E
Xn
i¼1

p�1i UiðuÞEðdijxi; yiÞ
( )

¼ E
Xn
i¼1

UiðuÞ
( )

:

Thus, we only have to postulate a model for the conditional response probabil-
ity πi, conditional on the xi and the yi.
To compute the propensity-score-adjusted estimator, or simply the propensi-

ty-score estimator, û ps, we assume that the auxiliary variables x can be decom-
posed as x = (x1,x2) and the dimension of x2 is greater than or equal to one. We
consider a parametric model for the response indicator as follows:

prðd ¼ 1jx; yÞ ¼ prðd ¼ 1jx1; yÞ ¼ pðx1; y;f 0Þ ð2Þ
for some function π(·) known up to the response model parameter f0. The
assumed response model (2) implies that the response mechanism is nonign-
orable in the sense that the response mechanism is not independent of the
study variable y even after adjusting for the auxiliary variable x. Model (2)
also implies that the response indicator does not depend on x2 given x1 and y.
The variable x2 is sometimes called the nonresponse instrumental variable or
shadow variable, which means that it is not directly related to the response
mechanism, but it helps to identify the parameters in the response mecha-
nism. This assumption is similar in spirit to the exclusion restriction in
econometrics (Wooldridge 2010, Chapter 9). In Heckman-type selection
models (Heckman 1976, 1979), the exclusion restriction is used to identify
model parameters such that there exists at least one auxiliary variable that
appears in the selection model but does not appear in the outcome model. Spe-
cifically, the instrumental variable x2 in Heckman’s selection model assumes
that f ðyjx1; x2Þ ¼ f ðyjx1Þ, whereas the nonresponse instrumental variable x2 in
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our approach satisfies (2). The assumption of conditional independence of the
response indicator δ and the instrumental variable x2 given (x1,y) makes the
parameterf0 in (2) identifiable. See Wang et al. (2014) for further discussion of
the identification conditions.
Under the parametric assumption (2), we now assume that the δi are inde-

pendently generated from a Bernoulli distribution with probability piðf0Þ ;
pðx1i; yi;f0Þ for some f0. If the yi were observed throughout the sample, the
likelihood function off would be

LðfÞ ¼
Yn

i¼1 fpðx1i; yi;fÞgdif1� pðx1i; yi;fÞg1�di ;

and the maximum likelihood estimator of f could be obtained by solving
the score equation SðfÞ ¼ @ log LðfÞ=@f ¼ 0. The score equation can be
expressed as

SðfÞ ¼
Xn
i¼1

sðf; di; x1i; yiÞ ¼
Xn
i¼1
fdi � pðx1i; yi;fÞgzðx1i; yi;fÞ ¼ 0; ð3Þ

where zðx1i; yi;fÞ ¼ pðx1i; yi;fÞ�1f1� pðx1i; yi;fÞg�1@pðx1i; yi;fÞ=@f. However,
because some of the yi are missing, the score equation in (3) is not applicable.
Instead, we can consider maximizing the observed likelihood function

LobsðfÞ ¼
Yn

i¼1 fpðx1i; yi;fÞgdi
ð
f1� pðx1i; yi;fÞgf ðyjxiÞdy

� �
;
1�di

ð4Þ

where f(y|x) is the true conditional distribution of y given x.
The maximum likelihood estimator of f can be obtained by solving the

observed score equation, SobsðfÞ ¼ @ log LobsðfÞ=@f ¼ 0; where LobsðfÞ is
defined in (4). Finding the solution to the observed score equation is computa-
tionally challenging because the observed likelihood involves integration with
unknown parameters. Instead of solving the observed score equation, another
way to find the maximum likelihood estimator of f is to solve the mean score
equation �SðfÞ ¼ 0, where

�SðfÞ ¼
Xn
i¼1

E sðf; di; x1i; yiÞjdi; xi; yobs;i
� �

¼
Xn
i¼1

h
disðf; di; x1i; yiÞ þ ð1� diÞE0fsðf; di; x1i; YÞjxig

i
; ð5Þ

where sðf; d; x1; yÞ is defined in (3), yobs,i is yi if δi = 1 and yobs,i is null if δi = 0,
and E0ð�jxiÞ ¼ Eð�jxi; di ¼ 0Þ: The mean score function (5) is the conditional
expectation of the score function given all the observed data (δi,xi,yobs,i) for
i = 1, . . . , n. The equivalence of SobsðfÞ and �SðfÞ is well established, for
example, in Louis (1982).
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In order to solve the mean score equation �SðfÞ ¼ 0, the conditional distri-
bution for nonrespondents, f0ðyjxÞ ¼ f ðyjx; d ¼ 0Þ; is needed to compute the
conditional expectation of the score function for nonrespondents. If a paramet-
ric model f ðyjxÞ ¼ f ðyjx;bÞ is assumed in addition to (2), the conditional
expectation for nonrespondents can be derived using two models, f ðyjx;bÞ
and prðd ¼ 1jx; y;fÞ; and the maximum likelihood estimator for (β, φ) can be
computed by solving the joint observed score equation for (β, φ). However,
the fully parametric model approach is known to be sensitive to failure of
model assumptions (Little 1985; Kenward and Molenberghs 1988). Also, it is
challenging to check both models under nonignorable nonresponse. We will
consider an alternative approach of computing the maximum likelihood esti-
mator of φ in Section 3.

Remark 1 Instead of the maximum likelihood approach, one can find a consistent
estimator φ of by forcing the propensity-score estimators of auxiliary variables to
match the complete sample mean of the auxiliary variables as follows:

Xn
i¼1

di
piðfÞ

xi ¼
Xn
i¼1

xi: ð6Þ

Condition (6) is often called the calibration condition in survey sampling. Follow-
ing an earlier, uncited paper by Deville (2000), Chang and Kott (2008) provided a
calibration-weighting method and showed its consistency satisfying the calibration
condition (6) when the parametric response model (2) is correctly specified and
there exists a linear relationship between the auxiliary variables X and the study
variable Y. Wang, Shao, and Kim (2014) also proved the asymptotic normality of
the propensity-score estimator satisfying (6) without assuming a linear model. The
proposed method in Chang and Kott (2008), which is based on the generalized
method of moments, finds the estimator by minimizing Aðu;fÞTW�1Aðu;fÞ,
where

Aðu;fÞ ¼
Pn
i¼1
fdip

�1
i ðfÞxi � xig

Pn
i¼1
fdip�1i ðfÞyi � ug

2
664

3
775;

and W−1 is some weight matrix. Here, the use of xi in (6) makes the parameter φ
estimable under some regularity conditions discussed in Wang, Shao, and
Kim (2014).

3. PROPOSEDMETHOD

In this section, we consider an alternative approach of obtaining the maximum
likelihood estimator of the response model parameter φ without specifying the
conditional distribution of f(y|x) Note that with the fully parametric approach
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of Greenlees et al. (1982), the conditional expectation in (5) is taken with
respect to the conditional distribution,

f ðyjx; d ¼ 0Þ ¼ f ðyjxÞ prðd ¼ 0jx; yÞ
Efprðd ¼ 0jx; YÞjxg :

If a parametric model for f(y|x) was known, the maximum likelihood estimator
of the response model parameter φ could be obtained by solving �SðfÞ ¼ 0,
where �SðfÞ is defined in (5), and the resulting maximum likelihood estimator
will be consistent and efficient in the sense that it achieves the Cramer-Rao
lower bound. On the other hand, these attractive features are not guaranteed
when the parametric model for f(y|x) is unknown or not correctly specified.
Besides, finding a correct model is quite challenging when only part of y is
observed.
We consider an alternative approach that uses a model for the conditional

distribution of the study variable y given the auxiliary variables x for respon-
dents, denoted by f1(y|x) = f(y|x,δ = 1), instead of using a model for the condi-
tional distribution of y given x, f(y|x). To obtain the conditional distribution of
y given x for nonrespondents, denoted by f0(y|x) = f(y|x,δ = 0), from the condi-
tional distribution for respondents, f1(y|x), the following Bayes formula can be
used:

f0ðyjxÞ ¼ f1ðyjxÞ
Oðx; yÞ

EfOðx; YÞjx; d ¼ 1g ; ð7Þ

where Oðx; yÞ ¼ prðd ¼ 0jx; yÞ=prðd ¼ 1jx; yÞ is the conditional odds of non-
response. In (7), we only need the response model (2) and the conditional
distribution of the study variable given the auxiliary variables for respon-
dents f1(y|x), which is relatively easy to verify from the observed part of the
sample. Lee and Marsh (2000) used model (7) for categorical y to correct for
sample selection bias. A similar idea was also considered by Sverchkov and
Pfeffermann (2004) and by Pfeffermann and Sikov (2011) to develop an impu-
tation model for nonignorable nonresponse. Kim and Yu (2011) used a nonpara-
metric regression model for f1(y|x) to obtain semiparametric estimation of the
marginal mean of Y. Using (7), the conditional expectation in the mean score
function (5) can be computed by

Xn
i¼1

disðf; di; x1i; yiÞ þ ð1� diÞ
Ð
sðf; di; x1i; yiÞOðxi; yÞf1ðyjxiÞdyÐ

Oðxi; yÞf1ðyjxiÞdy
� �

:

We assume a parametric model for the conditional distribution for respondents.
This parametric model can be expressed as

f1ðyjxÞ ¼ f1ðyjx;g0Þ ð8Þ
for some γ0. Thus, the two parametric model assumptions, (2) and (8), are
used to compute the conditional expectation in (5). The approach using
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the outcome model for respondents in (8) is practically more appealing because
model diagnostics for f1(y|x) are more feasible than those for f(y|x) because the
(xi,yi) are only observed for respondents. The two assumed parametric
models are combined to obtain the conditional distribution for nonrespondents
f0(y|x) by (7).
Sverchkov (2008) also used (7) to derive a similar mean score function

without discussion of the identification problems. To obtain parameter esti-
mates, Sverchkov (2008) suggested fitting a model to f1(y|x) using the re-
spondents’ data and then solving the mean score function by replacing
f1(y|x) with estimates. Also, Sverchkov (2008) used a kernel method to
compute Efsðf; di; x1i; yÞOðxi; yÞjx; d ¼ 1g and EfOðxi; yÞjx; d ¼ 1g instead
of estimating f1(y|x) for the unobserved part in (5).
To estimate the response model parameter, φ, in (2) using the mean score

equation (5), we first need to obtain a consistent estimator of γ0 in (8), which
can be obtained by solving the following score equation for γ:

S1ðgÞ ¼
Xn
i¼1

dis1iðgÞ ¼
Xn
i¼1

di

@ log f1ðyijxi;gÞ
@g

¼ 0: ð9Þ

Because the conditional distribution for respondents only involves respon-
dents, we can obtain the maximum likelihood estimator of γ from the respon-
dents. Using the maximum likelihood estimator ĝ from (9), the mean score
function in (5) can be obtained by substituting E0fsðf; di; x1i; YÞjxigwith

E0fsðf; di; x1i; YÞjxi; ĝg ¼
Ð
sðf; di; x1i; yiÞOðxi; yÞf1ðyjxi; ĝÞdyÐ

Oðxi; yÞf1ðyjxi; ĝÞdy
; ð10Þ

where Oðx1i; y;fÞ ¼ pðf; x1i; yÞ � 1.
However, computing the conditional expectation in (10) involves integra-

tion, which can be computationally challenging. To avoid this difficulty, we
propose using

~E0fsðf; di; x1i; YÞjxi;f; ĝg

¼
P

j;dj¼1 sðf; di; x1i; yiÞOðx1i; yj;fÞf1ðyjjxi; ĝÞ=f̂ 1ðyjÞP
k;dk¼1 Oðx1i; yk;fÞf1ðykjxi; ĝÞ=f̂ 1ðykÞ

;
ð11Þ

where f̂1ðyjÞ ¼ n�1r

P
k;dk¼1 f1ðyjjxk; ĝÞ is a consistent estimator of the marginal

density f1(y) = f(y|δ = 1) among the respondents, evaluated at y = yj, and nr is
the number of respondents in the sample. Use of the weighted empirical distri-
bution in (11) for computing the conditional expectation is close in spirit to the
nonparametric maximum likelihood estimator. Such computation is very
attractive because it does not introduce additional variability due to Monte
Carlo approximation.
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To justify (11), we use

E0fQðx1i; YÞjxig ¼
ð
Qðx1i; YÞf1ðyjxiÞdy

¼
ð
Qðx1i; YÞ

f1ðyjxiÞ
f1ðyÞ

f1ðyÞdy

ffi n�1r

X
k;dk¼1

Qðx1i; ykÞ
f1ðykjxiÞ
f1ðykÞ

;

where the above approximation is based on the idea of importance sampling.
Now, because

f ðyjd ¼ 1Þ ¼
ð
f1ðyjxÞf ðxjd ¼ 1Þdx;

we can use the empirical distribution of f(x|δ = 1) to obtain

f̂1ðyjÞ/
X
k;dk¼1

f1ðyjjxk; ĝÞ: ð12Þ

Thus, the mean score equation (5) for φ can be approximated by

S2ðf; ĝÞ ¼
Xn
i¼1

h
disðf; di; x1i; yiÞ þ ð1� diÞ~E0fsðf; di; x1i; YÞjxi;f; ĝg

i
¼ 0; ð13Þ

where sðf; di; x1i; yiÞis defined in (3), ~E0fsðf; di; x1i; YÞjxi;f; ĝgis defined in
(11) with f̂1ðyjÞ ¼ f1ðyjjdj ¼ 1Þ in (12).
Once the mean score equation is computed by (13), the solution to the mean

score equation can be obtained by the following EM algorithm:

f̂ðtþ1Þ  solve S2ðfjf̂ðtÞ; ĝÞ ¼ 0; ð14Þ
where

S2 fjf̂ðtÞ; ĝ
� 	

¼
Xn
i¼1

disðf; di; x1i; yiÞ þ ð1� diÞ~E0 sðf; di; x1i; YÞjxi; f̂
ðtÞ
; ĝ

n oh i
;

~E0 sðf; di; x1i; YÞjxi; f̂
ðtÞ; ĝ

n o
¼
X
j;dj¼1

w�ij f̂
ðtÞ
; ĝ

� 	
s f; di; x1i; yið Þ;

w�ijðf;gÞ ¼ Oðx1i; yj;fÞf1ðyjjxi;gÞ=Cðyj;gÞP
k;dk¼1

Oðx1i; yk;fÞf1ðykjxi;gÞ=Cðyk;gÞ
; ð15Þ

Cðy;gÞ ¼ P
l;dl¼1

f1ðyjxl;gÞ: The weights w�ij in (15) can be viewed as the

fractional weights assigned to the imputed values. See Kim (2011) for details.
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In summary, the proposed method consists of the following three steps:

(1) Using the responding part of (xi,yi), obtain ĝ in the model f1(y|x;γ) where ĝ
maximizes

L1ðgÞ ¼
Y

di¼1
f1ðyijxi;gÞ:

(2) Given the ĝ from [Step 1], obtain f̂ by solving

S2ðf; ĝÞ ¼ 0;

using the above EM algorithm in (14), where S2ðf; ĝÞ is defined in (13).
(3) Using the f̂ computed from [Step 2], the propensity-score estimator of

θ can be obtained by solvingXn
i¼1

dip̂
�1
i Uðu; xi; yiÞ ¼ 0; ð16Þ

where p̂i ¼ piðf̂Þ.

4. ASYMPTOTIC PROPERTIES

We now consider some asymptotic properties of the proposed propensity-
score estimator of θ, which is obtained by solving

UPS u; f̂p

� 	
¼
Xn
i¼1

di

p x1; yi; f̂p

� 	 uðu; xi; yiÞ ¼ 0; ð17Þ

where f̂p is the solution to (13).
The following theorem presents some asymptotic properties of the pro-

posed estimators, when the response model parameter estimator f̂p is the
solution to (13) and the propensity-score estimator ûPS;p is the solution
to (17).

Theorem 1 Under the regularity conditions (C0)–(C10) stated in Appendix 1,
the response model estimator f̂p satisfiesffiffiffi

n
p ðf̂p �f0Þ ! Nð0;SfÞ; ð18Þ

where

Sf ¼ I�122 varfsðf0;g0Þ � ks1ðg0ÞgðI�122 ÞT ;
k ¼I 21I�111 ;

I 11 ¼ varfs1ðg0Þg;
I 21 ¼ �E ð1� dÞ sðf0Þ � �s0ðf0;g0gsT1 ðg0Þf �;½

I 22 ¼ �E½ð1� dÞ�s0ðf; xÞ�zT0 ðx1;fÞ�;
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�sðf0;g0Þ ¼ E0fsðf; d; x; YÞjx;gg; s1ðgÞ ¼ ð@=@gÞ log f1ðyjx;gÞ, and sðfÞ ¼
sðf; d; x; YÞ is defined in (3). Also, the propensity-score estimator, ûPS;p,
obtained from (17), satisfiesffiffiffi

n
p ðûPS;p � uÞ ! Nð0;s2

uÞ; ð19Þ
where

s2
u ¼ t�1var½uPSðu0;f0Þ � Bfs2ðf0;g0Þ � ks1ðg0Þg�ðt�1ÞT ;

uPSðu;fÞ ¼ dp�1ðfÞuðuÞ; B ¼ E uPSðuÞsðfÞT
� �

I�122 ; s2ðf;gÞ ¼ dsðf; d; x; yÞþ
ð1� dÞ�s0ðf;gÞ; t ¼ Ef@uðuÞ=@uTg, and κ is defined in (18).
Note that I 21 ¼ 0 and I 22 ¼ varfsðfÞg under the missing-at-random

assumption because the study variable y is not involved in the response model
given x. In this case, Sf ¼ I 22, and s

2
u in (19) becomes

t�1varfuPSðu0;f0Þ � Bsðf0Þgðt�1ÞT ;
which is consistent with the result in Zhou and Kim (2012).
The proof of Theorem 1 is provided in Appendix 1. Theorem 1 shows that

the response model parameter estimator f̂p and the propensity-score estimator
ûPS;p are consistent estimators for the corresponding parameters and have
asymptotic normal distributions.
For variance estimation, we can use a linearization method. By Theorem 1,

the variance of the propensity-score estimator, ûPS;p; can be estimated by

V̂lin ûPS;p
� � ¼ n�1t̂�1V̂Ul t̂

�1ð ÞT ; ð20Þ

where t̂¼ n�1
Pn

i¼1 dip
�1 x1i;yi; f̂
� 	

_u ûPS;p;xi;yi
� �

; _uðu;x;yÞ ¼ @uðu;x;yÞ=
@uT ; V̂Ul ¼ ðn� 1Þ�1Pn

i¼1 ðûli� �unÞ2; ûli ¼ uliðûPS;p;f̂p; ĝÞ; �un ¼ n�1
Pn

i¼1 ûli;

uliðu;f;gÞ ¼�B̂�s�0ðf;xi;f;gÞ

þ di
uðu;xi;yiÞ
pðx1i;yi;fÞ

� B̂fsðf;di;x1i;yiÞ��s�0ðf;xi;f;gÞ� k̂s1ðg;xi;yiÞg
� �

;

B̂¼
Xn

i¼1
dip

�1 x1i;yi;f̂p

� 	
u û PS;p;xi;yi
� �

sT f̂p;di;x1i;yi
� 	( )

Î�122 ðf̂ p; ĝÞ;

k̂¼ Î21 f̂p; ĝ
� 	

Î�111 f̂p; ĝ
� 	

;

Î22ðf;gÞ ¼
Xn
i¼1
ð1� diÞ�s�0ðf;xi;f;gÞ

X
j;dj¼1

w�ijðf;gÞzTðf;x1i;yjÞ;
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Î21ðf;gÞ¼
Xn
i¼1
ð1�diÞ

X
j;dj¼1

w�ijðf;gÞfsðf;di;x1i;yjÞ��s�0ðf;xi;f;gÞgsT1 ðg;xi;yjÞ;

Î11ðf;gÞ ¼ �
Xn
i¼1

di _s1ðg; xi; yiÞ; w�ijðf;gÞ is defined in ð15Þ;

_sðf; d; x; yÞ ¼ @sðf; d; x; yÞ
@fT ; �s�0ðf; xi;f;gÞ

¼
X
j;dj¼1

w�ijðf;gÞsðf; di; x1i; yjÞ; and

_s1ðg; x; yÞ ¼
@s1ðg; x; yÞ

@gT
:

Remark 2 The proposed method is directly applicable to complex survey sam-
pling. The finite population FN ¼ fðx1; y1Þ; ðx2; y2Þ; : : :ðxN; yNÞg is assumed
to be a random sample of size N from a superpopulation distribution. Let A be
the index set of the samples drawn from the finite population with size n and di

be the sampling weight of unit i. Let ûHT be the Horvitz-Thompson estimator
of θN obtained from

P
i[A diUðu; xi; yiÞ ¼ 0 under complete response, where

θN is the parameter of interest obtained from
PN

i¼1 Uðu; xi; yiÞ ¼ 0: Also, using
the reverse framework, the response indicators can be extended to the finite
population as RN ¼ fd1; d2; : : :; dNg, where the δi is a realization of the
random variable for the response indicator in the population. See Fay (1992),
Shao and Steel (1999), and Kim and Rao (2009). Under nonignorable nonre-
sponse with two superpopulation models, f1ðyjx;gÞ and prðd ¼ 1jx1; y;fÞ,
the propensity-score estimator of θN, ûPS;p, is the solution to the following joint
estimating equations:

S1ðgÞ ¼
X
i[A

didis1iðgÞ ¼ 0;

S2ðf;gÞ¼
X
i[A

di½disðf;di;x1i;yiÞþð1�diÞ~E0fsðf;di;x1i;YÞjxi;f;gg�¼ 0;

UPSðu;fÞ ¼
X
i[A

di

di
pðx1i; yi;fÞ

Uðu; xi; yiÞ ¼ 0;

where

~E0fsðf; di; x1i; YÞjxi;f; ĝg

¼
P

j[A didisðf; di; x1i; yjÞOðx1i; yj;fÞf1ðyjjxi; ĝÞ=f̂ 1ðyjÞP
k[A dkdkOðx1i; yk;fÞf1ðykjxi; ĝÞ=f̂ 1ðykÞ

;
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where f̂1ðyjÞ/
P

k[A dkdkf1ðyjjxk; ĝÞ: We can establish asymptotic normality
similar to (19) under some regularity conditions. See Theorem 1.3.9 of Fuller
(2009) for the additional regularity conditions.
Let hiðu;f;gÞ ¼ uPS;iðu;fÞ � Bfs2iðf;gÞ � kdis1iðgÞg and

s2iðf;gÞ ¼ disðf; di; x1i; yiÞ þ ð1� diÞE0fsðf; di; x1i; YÞjxi;f;gg:
The variance of the propensity-score estimator, ûPS;p; can be estimated by

V̂ðûPS;pÞ ¼ V̂1 þ V̂2;

where

V̂1 ¼
X
i[A

X
i[A

Vijĥ iĥ j;

V̂2 ¼
X
i[A

didi 1� p̂ ið Þ uPS;i û ; f̂
� 	

þ B̂fs2i f̂; ĝ
� 	

� k̂s1i ĝð Þg
h i2

;

Vij satisfies
P

i[A

P
j[A Vijhihj=var

P
i[A dihijFN

� � ¼ 1þ opð1Þ for any h with

a finite second moment and ĥi ¼ hiðûPS;p; f̂p; ĝÞ; where B, κ, and E0f�jxi;f;gg
are replaced with

B̂ ¼
X
i[A

didip
�1 x1i; yi; f̂p

� 	
u û PS;p; xi; yi
� �

sT f̂p; di; x1i; yi
� 	( )

Î�122 f̂p; ĝ
� 	

;

k̂ ¼ Î21 f̂p; ĝ
� 	

Î�111 f̂p; ĝ
� 	

;

and ~E0f�jxi; f̂p; ĝg, respectively. Also, Î�122 ðf̂p; ĝÞ; Î21ðf;gÞ; and Î11ðf;gÞ are
defined similar to the corresponding terms in (20) other than incorporating sam-
pling weights.

5. SIMULATION STUDIES

5.1 Simulation Study I

To investigate the finite sample properties of the proposed method, we perform
a limited simulation study. In the simulation, for x∼N(0,0.5), we generate a
study variable y such that

y ¼ mðxÞ þ e

with four different mean structures,

Case 1 m1ðxÞ ¼ �1þ x;
Case 2 m2ðxÞ ¼ �2þ 0:5 expð0:5þ xÞ;
Case 3 m3ðxÞ ¼ �1þ sinð2xÞ;
Case 4 m4ðxÞ ¼ �1þ 0:4x3;
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and three different error models for e: (i) Model 1, a normal distribution with
mean 0 and variance 0.9; (ii) Model 2, a normal distribution with mean zero and
variance 0.49(1 + x2); and (iii) Model 3, a log-normal distribution with mean
−0.49/2 and variance 0.49 on the log scale. Note that E(e) = 1 for the log-
normal error distribution in Model 3.
For the response mechanism, the response indicator δi is independently generated

from Ber (pi) with piðfÞ ¼ f1þ expð�f0 � f1yiÞg�1 with ðf0;f1Þ ¼ ð0:8;�0:2Þ:
Thus, the variable x plays the role of the nonresponse instrumental variable. The
average response rates are approximately 73 percent for Model 1 and Model 2 and
69 percent for Model 3. For each combination of mean structure and error model,
Monte Carlo samples of size n = 500 are independently generated B = 2000 times.
We first use a correctly specified model for the response mechanism.
For each Monte Carlo sample, we compute the following five estimators of

θ = E(Y):

(1) Full: Simple mean estimator with full sample.

(2) MAR: Naive estimator under the missing-at-random (MAR) assumption.

ûMAR ¼
Pn

i¼1 dip
�1
i ðf̂mÞyiPn

i¼1 dip
�1
i ðf̂mÞ

;

where f̂m is the maximum likelihood estimator of f ¼ ðf0;f1Þ assuming
ignorable nonresponse, prðd ¼ 1jx; yÞ ¼ 1þ expð�f0 � f1xÞ�1:
(3) FP: Fully parametric approach using Monte Carlo EM algorithm assuming

that yjx � Nðb0 þ b1x;s
2Þ and a correct response model for all cases.

(4) GMM: Use the method of Chang and Kott (2008).

ûGMM ¼
Pn

i¼1 dip
�1
i ðf̂ckÞyiPn

i¼1 dip
�1
i ðf̂ckÞ

;

where f̂ck is the solution to the following calibration condition,Xn
i¼1
fdip�1i ðfÞ � 1gð1; xiÞ ¼ 0:

(1) New: Proposed estimator using the maximum likelihood estimator of φ.

ûNEW ¼
Pn

i¼1 dip
�1
i ðf̂pÞyiPn

i¼1 dip
�1
i ðf̂pÞ

;

where f̂p is the solution to (13) assuming that the respondents’model
yjðx; d ¼ 1Þ � Nðb0 þ b1x;s

2Þfor all cases.
Table 1 presents the Monte Carlo means and variances of the point estimators for
four different mean structures and normal errors (Model 1). Simulation results
in table 1 show that, not surprisingly, the naive estimator under the MAR

228 Riddles, Kim, and Im

D
ow

nloaded from
 https://academ

ic.oup.com
/jssam

/article/4/2/215/2580514 by guest on 23 M
ay 2023



assumption has a large bias for all cases. The FP estimator is slightly biased
under Case 2 and has large variances under Cases 2 and 4. The other two estima-
tors (the GMM estimator and the New estimator) are nearly unbiased in all cases.
Even though we use a normal distribution for f(y|x,δ = 1), which is not correctly
specified, the simulation result shows that the proposed estimator is nearly unbi-
ased and more efficient than the GMM estimator except for in Case 2.
Table 2 also shows the Monte Carlo means and variances of the point

estimators for four different mean structures and a normal error model with non-
constant variance (Model 2). Similar to the results with Model 1, the naive estima-
tor under the MAR assumption is also heavily biased for all cases, and the FP
estimator is biased and has also large variances under Cases 2 and 4. Also, the
GMM estimator and the New estimator are nearly unbiased, and the New estimator
is as efficient as or more efficient than the GMM estimator and the FP estimator.
Table 3 presents the Monte Carlo means and variances of the point estimators

for four different mean structures and log-normal error (Model 3). The naive

Table 1. Monte Carlo Means and Variances of the Estimators of θ under Model 1

m(x) Method Mean Variance m(x) Method Mean Variance

Case 1 Full −1.001 0.0027 Case 3 Full −0.999 0.0029
MAR −1.050 0.0035 MAR −1.059 0.0037
FP −1.004 0.0047 FP −1.000 0.0073
GMM −1.004 0.0049 GMM −0.998 0.0075
New −1.003 0.0047 New −0.998 0.0074

Case 2 Full −0.941 0.0033 Case 4 Full −0.999 0.0023
MAR −1.003 0.0041 MAR −1.053 0.0030
FP −0.935 0.0088 FP −0.982 0.0849
GMM −0.945 0.0056 GMM −0.998 0.0071
New −0.939 0.0059 New −0.998 0.0068

Table 2. Monte Carlo Means and Variances of the Estimators of θ under Model 2

m(x) Method Mean Variance m(x) Method Mean Variance

Case 1 Full −1.001 0.0025 Case 3 Full −1.001 0.0025
MAR −1.041 0.0029 MAR −1.052 0.0033
FP −0.999 0.0040 FP −1.002 0.0058
GMM −1.001 0.0038 GMM −1.001 0.0065
New −1.001 0.0038 New −1.002 0.0059

Case 2 Full −0.940 0.0029 Case 4 Full −0.999 0.0021
MAR −0.992 0.0034 MAR −1.045 0.0027
FP −0.929 0.0093 FP −0.954 0.0741
GMM −0.940 0.0048 GMM −0.999 0.0057
New −0.938 0.0048 New −0.995 0.0055
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estimator under the MAR assumption is significantly biased for all cases, and
the FP estimator has results similar to those from the Model 1 assumption. Also,
the GMM estimator and the New estimator are nearly unbiased, but the GMM
estimator is remarkably unstable for Cases 3 and 4 compared with the New esti-
mator.
Table 4 presents the Monte Carlo biases and variances of the GMM estima-

tor and the New estimator of φ = (φ0,φ1) under Model 1. Both estimators are
nearly unbiased for all cases. If we use a higher order approximation or a
correctly specified model in Cases 3 and 4, the bias will be reduced. The New
estimator is more efficient than the GMM estimator except for in Case 2. Note
that the response model parameter φ is estimated using the maximum likeli-
hood method, as described in Section 3. Thus, it is more efficient than the
GMM estimator, which is based on the method of moments if the outcome
model is correctly specified or well fitted with the estimated f1(y|x). The GMM
method of Kott and Chang (2010) was not intended to control the efficiency of

Table 3. Monte Carlo Means and Variances of the Estimators of θ under Model 3

m(x) Method Mean Variance m(x) Method Mean Variance

Case 1 Full 0.003 0.0023 Case 3 Full 0.000 0.0021
MAR −0.038 0.0027 MAR −0.055 0.0025
FP 0.005 0.0056 FP 0.000 0.0155
GMM 0.009 0.0056 GMM 0.011 0.0156
New −0.004 0.0038 New 0.014 0.0049

Case 2 Full 0.059 0.0027 Case 4 Full −0.000 0.0018
MAR 0.005 0.0030 MAR −0.048 0.0022
FP 0.070 0.0100 FP 0.013 0.0306
GMM 0.063 0.0059 GMM 0.012 0.0104
New 0.060 0.0045 New −0.006 0.0042

Table 4. Monte Carlo Biases and Variance of GMM Estimator and New
Estimator under Model 1 for the Response Model Parameters

Parameter GMM New

Bias Variance Bias Variance

Case 1 φ0 0.02 0.0277 0.02 0.0259
φ1 0.01 0.0229 0.01 0.0220

Case2 φ0 0.01 0.0217 0.01 0.0218
φ1 0.01 0.0175 −0.01 0.0197

Case3 φ0 0.02 0.0377 0.02 0.0374
φ1 −0.00 0.0407 −0.01 0.0406

Case 4 φ0 0.03 0.0541 0.03 0.0521
φ1 −0.01 0.0648 −0.00 0.0599
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the resulting PS estimator. The bias and variance of the GMM estimator and
the New estimator of φ under Model 2 or Model 3 have results similar to those
in table 4, but the results are not presented for brevity.
The simulation results in table 5 also show that the linearized variance

estimator is nearly unbiased within 4 percent absolute value of relative bias
under mean structure m1(x) with the Model 1 assumption. The linearized vari-
ance estimator proposed in Section 4 is computed for the New estimator, and the
sandwich variance estimator is used for the GMM estimator. Unless the true
outcome model is well fitted to the estimated f1(y|x), the linearized variance esti-
mator can be biased due to misspecification error in the outcome model.
To test for the robustness of the misspecification error in the response model,

we assume a binomial response model for three different link functions, logit,
probit, and complementary log-log function, with three functional forms:

h�11 ðpiÞ ¼ g0 þ g1yi;

h�12 ðpiÞ ¼ g0 þ g1 expðyiÞ;
h�13 ðpiÞ ¼ g0 þ g1yi þ g2y

2
i ;

where pi ¼ pr(di¼ 1jxi; yi; gÞ; h is a link function, and (γ0,γ1,γ2,) = (1.0,0.5,
−0.2). Because we have similar results for all link functions, the results of the
logit model are only reported for η1 and η2 for brevity. We use the logit response
model with the h1 link function as the working response model. Response rates
with η1 are 61 percent, 66 percent, and 77 percent for the logit, probit, and com-
plementary log-log functions, respectively. Response rates with η2 and η3 are
78.6 percent and 51.8 percent for the logit model. Also, we use m1(x) as the
mean structure and assume a normal error model (Model 1). That is, we assume
that the outcome model is correctly specified in this simulation setup.
Table 6 shows the Monte Carlo means and variances of the point estimators

for three different link functions. Both the GMM estimator and the New esti-
mator are more robust than the MAR estimator with respect to misspecification
of response models. Also, the New estimator is more efficient than the GMM
estimator even under misspecification of response model.

Table 5. Monte Carlo Variance, Mean of Variance Estimates, and Relative Bias
for GMM Estimator and New Estimator under m1(x) Mean Structure With
Model 1

Parameter GMM New

Variance EðV̂Þ R.bias Variance EðV̂Þ R.bias

Case 1 φ0 0.0277 0.0277 −0.00 0.0259 0.0268 0.04
φ1 0.0229 0.0223 −0.03 0.0220 0.0227 0.04

θ = E(Y) 0.0049 0.0048 −0.01 0.0047 0.0049 0.03
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5.2 Simulation Study II

In the second simulation study, we investigate the categorical case for a dis-
crete study variable y and discrete auxiliary variables x1 and x2. All variables
take one of {1,2}, and we have four strata (h = 1,2,3,4) categorized by x1
and x2. We generate nh = 200 stratified samples with simple random sampling
in each stratum. The stratified sampling weights are (d1,d2,d3,d4) =
(50,100,150,200), where dk is the sampling weight for the kth stratum.
The parameter of interest is θ = (θ1,θ2), where uj ¼

PN
i¼1 Iðyi ¼ jÞ=N and I(·)

is the indicator function. Here, N is the population size, and the parameters are
(θ1,θ2) = (0.42,0.58). The conditional probabilities of pr(y|x1,x2) are summa-
rized in table 7.

Table 6. Monte Carlo Means and Variances of the Estimates of θ under Three
Response Models

Method Link function Mean Variance

Full −1.003 0.0029
MAR Logit (η1) −0.819 0.0040

Logit (η2) −0.952 0.0036
Logit (η3) −0.625 0.0036
Probit (η1) −0.757 0.0035
C.Log-Log (η1) −0.824 0.0032

GMM Logit (η1) −1.006 0.0079
Logit (η2) −1.003 0.0047
Logit (η3) −1.012 0.0151
Probit (η1) −1.008 0.0074
C.Log-Log (η1) −1.007 0.0058

NEW Logit (η1) −1.003 0.0073
Logit (η2) −1.005 0.0047
Logit (η3) −0.967 0.0095
Probit (η1) −1.004 0.0065
C.Log-Log (η1) −1.009 0.0053

NOTE. C.Log-Log: Complementary Log-Log.

Table 7. Conditional Probability (p1|ij, p2|ij) Given Auxiliary Variables x1 and x2,
Where pk|ij Pr(y = k|x1 = i, x2 = j) under Simulation II

x2 = 1 x2 = 2

x1 = 1 (0.7,0.3) (0.5,0.5)
x1 = 2 (0.3,0.7) (0.4,0.6)
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For the response mechanism, we generate δi from a Bernoulli distribution,
where the response probability depends on x1 and y:

prðdi ¼ 1jx1i; x2i; yiÞ ¼ ½1þ expf�0:4Iðx1i ¼ 2Þ �0:8Iðyi ¼ 2Þg��1:
From the response model, the variable x2 is a nonresponse instrumental vari-
able, and the average response rate is approximately 64 percent.
In the case of all categorical data, modeling for f1(y|x) and pr(δ = 1|y,x) can

be fully nonparametric. For a given sample set A, the nonparametric propensity-
score-adjusted estimator of θj = pr(Y = j) is given by

ûj;NEW ¼
X
i[A

dip̂ i

 !�1X
i[A

dip̂
�1
i Iðyi ¼ jÞ;

where p̂i ¼ f1þ Ôðxi; yiÞg�1 and Ôðxi; yiÞ is nonparametrically estimated using
the EM algorithm. The details of estimation procedures are illustrated in Appen-
dix 2.
Also we computed the naive estimator û1;Naive,

û1;Naive ¼
P

i[A didiIðyi ¼ 1ÞP
j[A djdj

;

the MAR estimator, and the GMM estimator ~u1,

~u1 ¼
X

i[A
di~p

�1
i

� 	�1X
i[A

di~p
�1
i Iðyi ¼ 1Þ;

where~pi ¼ ~pðx1i; x2iÞ ¼
P

xk¼xi dkdk=
P

xk¼xi dk for the MAR estimator and
~pi ¼ ~pðx1i; yiÞfor the
GMM estimator are obtained as the solutions of

X
k;x1k¼x1i

X
y

dk
dkIðx2k ¼ x2iÞIðyk ¼ yÞ

p̂ k

� 1

 �
fIðx2k ¼ 1Þ; Iðx2k ¼ 2Þg ¼ ð0; 0Þ:

Table 8 shows the Monte Carlo biases, variances, and mean squared errors of
the point estimators of θ1. Although the naive estimator and the MAR estimator

Table 8. Monte Carlo Bias, Variance, and Mean Squared Error of û1 for
Simulation II

Method Bias Variance MSE

Naive −0.069 0.0005 0.0052
MAR −0.060 0.0005 0.0041
GMM −0.008 0.0037 0.0037
New −0.011 0.0032 0.0034
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are biased, the GMM estimator and the New estimator appear to adjust for non-
response bias. The New estimator is more efficient than the GMM estimator.

6. AN APPLICATION TO EXIT POLL DATA

We applied the proposed method to the exit poll data for the nineteenth South
Korean legislative election, which was held in 2012. We compared the naive
predictions obtained from the exit polls and adjusted predictions obtained
from the proposed method for forty-eight election districts in Seoul. The exit
poll data were obtained by stratified two-stage cluster sampling, where the
polling stations were selected with probability proportional to the total number
of registered voters associated with that polling station, and then voters were
selected by a systematic sampling method within the selected polling stations.
The sampled voters were asked about their votes and their age group, and
gender information was recorded by the interviewer. No other information was
collected from the sampled voters. If the sampled voters refused to participate
in the exit poll, the interviewer still recorded the voter’s age group and gender,
mostly by observation. The average response rate of voters was 81.6 percent in
the sample in Seoul. Table 9 gives an illustration of the data structure of the
sampled polling stations in Gangdong-Gap, one of the forty-eight election dis-
tricts in Seoul.
To apply our proposed method, we use the age group and gender as the aux-

iliary information for predicting the voting outcome for the respondents and
use a nonparametric response model treating gender as a nonresponse instru-
mental variable. Then we compute the propensity-score-adjusted estimator as
described in simulation study II. See Appendix 3 for further illustration.
It is not possible to check whether gender is a nonresponse instrumental var-

iable satisfying required properties. However, risks of excluding gender from
the assumed response model should not be significant. In South Korea, to
explain the likelihood of response/nonresponse in the exit poll, gender is

Table 9. An Example of Exit Poll Results for Gangdong-Gap

Gender Age group Voted A Voted B Other Refusal Total

Male 20–29 93 115 4 28 240
30–39 104 233 8 82 427
40–49 146 295 5 49 495
>50 560 350 3 174 1,087

Female 20–29 106 159 8 62 335
30–39 129 242 5 70 446
40–49 170 262 5 69 506
50+ 501 218 7 211 937

Total 1,809 1,874 45 745 4,473
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usually less significant than age. In the forty-eight election districts, including
Gangdong-Gap, the voting rates of the <50 age group and the >50 age group
were 49.3 percent and 65.2 percent, respectively, and the exit poll nonresponse
rates of the two groups were 14.1 percent and 23.3 percent, respectively. On
the other hand, the voting rates of male and female were 56.6 percent and 53.9
percent, respectively, and the exit poll nonresponse rates were 16.1 percent
and 20.7 percent, respectively. Although this comparison is limited because
the voting outcome cannot be controlled due to nonresponse, we may assume
that age will suffice in explaining the likelihood of responding to the exit poll
given voting outcomes.
Table 10 presents the result of the proposed estimation method for the elec-

tion district considered in table 9. In addition, we also computed estimates
from two alternative methods, one with no adjustment and the other using
cells based on age–gender group, which is the traditional adjustment approach
assuming MAR. According to table 10, the two alternative methods are not
able to predict the winning party correctly, suggesting that the missing-at-
random assumption does not hold for this exit poll data. The proposed method
gives estimates that are very close to the true vote outcomes. In addition to
Gangdong-Gap, we applied the three methods to the exit poll data in the forty-
eight election districts in Seoul. Table 11 presents the result of the predicted
number of seats for the forty-eight districts in Seoul.

Table 10. Estimated Percentage (%) of the Votes for Each Party from the Exit
Poll Data for Gangdong-Gap

Party

Method A B Other

No adjustment 48.5 50.3 1.2
Adjustment (age * gender) 49.0 49.8 1.2
Proposed method 51.0 47.7 1.2
Truth 51.2 47.5 1.3

Table 11. Comparison of the Predicted Number of Seats for the Forty-Eight
Districts in Seoul

Party

Estimator A B Others

No adjustment 10 36 2
Adjustment (age * gender) 10 36 2
Proposed method 15 29 4
Truth 16 30 2
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As shown in Table 11, the proposed estimator provides very accurate predic-
tions compared with the other methods: The proposed method correctly pre-
dicts forty-six seats, whereas the other methods correctly predict forty-two
seats. Thus, our analysis of nonignorable nonresponse based on the assump-
tion of setting gender as the instrumental variable provides desirable results in
this application.

7. CONCLUDING REMARKS

We have proposed a maximum likelihood method of parameter estimation for
the response probability when the response mechanism is nonignorable. The
proposed method is based on the model for respondents, f(y|x, δ = 1), but the
result does not seem to be sensitive to departure from correct specification of
the model for respondents. For example, in simulation I, we used a normal dis-
tribution for f(y|x, δ = 1), which is not correctly specified, but the simulation
results show that the resulting estimates are nearly unbiased. For the case of
categorical data, we can always use a fully nonparametric approach and obtain
the best estimates of the parameters. For the continuous case, one could con-
sider a nonparametric regression model for f(y|x,δ = 1) to achieve robustness,
as considered in Kim and Yu (2011), but such a nonparametric method may
not be feasible when the dimension of x is large.
Because the proposed method is based on the maximum likelihood ap-

proach, the resulting response probability estimates are efficient. However, the
propensity-score estimator does not necessarily satisfy the calibration con-
straints, so there is still room for improvement. That is, one can impose a cali-
bration constraint for the proposed propensity-score estimator to obtain further
efficiency gain. Such a calibration approach is a straightforward extension of
Zhou and Kim (2012) and is not discussed here for brevity.
The proposed method provides consistent estimates for the standard errors

of the parameter estimates. Thus, we can test the null hypothesis that the re-
sponse mechanism is ignorable. If the null hypothesis is not rejected, then we
can simply fit a response model with ignorable response. Such a procedure
will lead to a pretest procedure, and further investigation on this direction will
be a topic of future research.

APPENDIX 1

Proof of Theorem 1. To discuss asymptotic properties of the propensity-
score estimator, which is the solution to (17), we first need the nonresponse
instrumental variable, x2, which satifies the following condition:
(C0). The true conditional distribution f(y|x1, x2) satisfies

f ðyjx1; x2 ¼ xð1Þ2 Þ= f ðyjx1; x2 ¼ xð2Þ2 Þ;
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for some xð1Þ2 = xð2Þ2 almost everywhere and

pr(d ¼ 1jx1; x2; yÞ ¼ pr(d ¼ 1jx1; yÞ ¼ pðx1; y;f0Þ:
We now assume that the response mechanism satisfies the following regularity
conditions:
(C1) The response probability function pðx1; y;fÞ is continuous in φ with

continuous first and second derivatives in an open set containing φ0 as an inte-
rior point.
(C2) The responses are independent. That is, cov(δi,δj) = 0 for i≠j.
(C3) The response probability is bounded below. That is, pðx1i; yi;f0Þ . Kp

for some Kπ > 0 for all i = 1, . . . ,n, uniformly in n.
(C4) Under complete observation of (xi,yi) for i = 1, . . . ,n, the unique solu-

tion f̂n to the score equation in (3) satisfiesffiffiffi
n
p ðf̂n �f0Þ ! Nð0;SÞ;

for some∑ for sufficiently large n.
We also need a set of regularity conditions for the model for the conditional

distribution for respondents, f1(y|x;γ), in addition to the regularity conditions
for the response mechanism. The conditions are as follows:
(C5) The density function f1(y|x;γ) is continuous in γ with continuous first

and second derivatives in an open set containing γ0 as an interior point.

@2logf1ðyjx;gÞ
@g@gT

����
���� and @logf1ðyjx;gÞ

@g

@logf1ðyjx;gÞ
@gT

����
���� ðC6Þ

are dominated by functions that are integrable with respect to the density
f1(y|x;γ0) for all x, y, and γ.

E
@2logf1ðyjx;g0Þ

@g@gT

� �
; ðC7Þ

is nonsingular.
When the conditions from (C5) through (C7) hold, the solution ĝ to (9)

satisfies ffiffiffi
n
p ðĝ� g0Þ ! Nð0;SgÞ

for some Sg for sufficiently large n.
The last set of conditions allows us to exchange the order of differentiation and

integration. Let lðf;g; y; xÞ ¼ sðf; x; yÞf1ðyjx;gÞOðx; y;fÞ:
(C8) λ(φ,γ,y;x) is integrable with respect to y for all φ and γ
(C9) For almost every y for all φ and γ the derivatives of λ(φ,γ,y;x) with

respect to φ and γ exist.
(C10) There exist Kλ(y), where jlðf;g; y; xÞj , KlðyÞ for all φ and γ.
We now prove two lemmas in order to prove Theorem 1.
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Lemma 1 The partial derivatives of UPS(θ;φ) in (17) respect to φ satisfy

E
@uPSðu;fÞ

@fT

� �
¼ �covfuPSðu;fÞ; sðfÞg: ðA:1Þ

Proof 1

E
@uPSðu;fÞ

@f

� �
¼ �E d

pðx1; y;fÞ
uðu; x; yÞf1� pðx1; y;fÞgzðx1; Y ;fÞ

� �
;

¼ �E d

pðx1; y;fÞ
uðu; x; yÞ � fd� pðx1; y;fÞgzðx1; Y ;fÞ

� �
;

¼ �covfuPSðu;fÞ; sðfÞg;

where zðx1; y;fÞ ¼ pðx1; y;fÞ�1f1� pðx1; y;fÞg�1@pðx1; y;fÞ=@f: The
last equation holds because EfsðfÞg ¼ 0:

Lemma 2 The partial derivatives of s2(φ;γ) with respect to γ and φ satisfy

I 21ðf;gÞ ¼ �E½ð1� dÞcov0fsðf; d; x1; YÞ; s1ðg; x1; YÞjxg�; ðA:2Þ

and

I 22ðf;gÞ ¼ �Efð1� dÞ�s0ðf; xÞ�zT0 ðx1;fÞg; ðA:3Þ

where cov0ð�jxÞ ¼ covð�jd ¼ 0; xÞ; �s0ðf; xÞ ¼ E0fsðf; d; x1; YÞjxg, and
�z0ðx;fÞ ¼ E0fzðx1; Y ;fÞjxg:

Proof 2 Because s1ðg; x; yÞ ¼ @logf1ðyjx;gÞ=@g; the partial derivative of
s2ðf;gÞ in (13) with respect to γ can be written as

@s2ðf;gÞ
@gT

¼ ð1� dÞE0fsðf; d; x1; YÞsT1 ðg; x; YÞjxg

� ð1� dÞE0fsðf; d; x1; YÞjxgE0fsT1 ðg; x; YÞjxg
¼ ð1� dÞcov0fsðf; d; x1; YÞ; s1ðg; x; YÞjxg;

which proves (A.2). Also, the partial derivatives of s2ðf;gÞ with respect to
φ can be written as

@s2ðf;gÞ
@fT ¼ ½d_sðf; d; x1; yÞ þ ð1� dÞE0f_sðf; d; x1; YÞjxg�

� ð1� dÞE0fsðf; d; x1; YÞzTðx1; Y;fÞjxg
þ ð1� dÞE0fsðf; d; x1; YÞjxgE0fzTðx1; Y ;fÞjxg;
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where

_sðf; d; x1; yÞ ¼
@sðf; d; x1; yÞ

@fT :

Because E½fd� pðx1; y;fÞg@zðx1; Y ;fÞ=@fjx� ¼ 0, we can write

Ef_sðf; d; x1; yÞg ¼ E½Ef_sðf; d; x1; yÞjxg�

¼ �E zðx1; Y ;fÞ@pðx1; y;fÞ
@fT

� �
:

Now, using

E½d_sðf;d;x1;yÞþð1�dÞE0f_sðf;d;x1;YÞjxg�
¼E½pðf;x1;yÞ_sðf;d;x1;yÞþf1�pðf;x1;yÞg_sðf;d;x1;yÞ�¼Ef_sðf;x1;yÞg;

and

E 1� dð ÞE0 s f; d; x1; Yð ÞzT x1; Y;fð Þjxf g½ �
¼ �E 1� dð ÞE p f; x1; Yð Þz x1; Y ;fð ÞzT x1; Y ;fð Þjxf g½ �
¼ �E E 1� p f; x1; Yð Þð Þp f; x1; Yð Þz x1; Y ;fð ÞzT x1; Y ;fð Þjxf g½ �
¼ �E 1� p f; x1; Yð Þf gp f; x1; Yð Þz x1; Y ;fð ÞzT x1; Y;fð Þ½ �
¼ �E z x1; Y ;fð Þ@p x1; y;fð Þ=@fT

� � ¼ E _s f; d; x1; yð Þf g;

we can obtain

E
@s2 f;gð Þ

@fT

� �
¼ E 1� dð ÞE0 s f; d; x1; Yð Þjxf gE0 zT x1; Y ;fð Þjxf g½ �:

Thus, (A.3) holds.
We now prove Theorem 1. Because ĝT ; f̂T

p

� 	T

is the solution to

S1ðgÞ
S2ðf;gÞ

� �
¼ 0

0

 �
;

we can obtain variance of ĝT ; f̂T
p

� 	T

by using a sandwich formula as follows:

var
ffiffiffi
n
p ĝ� g0

f̂p �f0

 �� �
¼ I�1var s1ðg0Þ

s2ðf0;g0Þ
� �

I�T ; ðA:4Þ
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where I ¼ Iðf0;g0Þwith

Iðf;gÞ ¼ I 11ðf;gÞ I 12ðf;gÞ
I 21ðf;gÞ I 22ðf;gÞ

� �

¼ �
E

@s1ðgÞ
@gT

� �
E

@s1ðgÞ
@fT

� �

E
@s2ðf;gÞ

@gT

� �
E

@s2ðf;gÞ
@fT

� �
2
664

3
775:

Using I 12ðf;gÞ ¼ 0 and

I�1 ¼ I�111 0
�I�122 I 21I�111 I�122

 �
; ðA:5Þ

where I 11 ¼ I 11ðf0;g0Þ, I 12 ¼ I 12ðf0;g0Þ and I 22 ¼ I 22ðf0;g0Þ; the
variance of f̂p can be derived as

var f̂p

� 	
¼ var[I�122 fs2ðf0;g0Þ � ks1ðg0Þg�;

where k ¼ I 21I�111 : The result in (18) holds by (A.2).
We now prove the second part of Theorem 1. Because ĥT ¼ ĝT ; f̂T

p ; ûPS;p

� 	T

is the solution to

S1ðgÞ
S2ðf;gÞ
UPSðu;fÞ

8<
:

9=
; ¼

0
0
0

0
@

1
A;

we can obtain the variance of ĥ by using a sandwich formula as follows:

var
ffiffiffi
n
p ĝ� g0

f̂�f0

û PS;p � u

0
@

1
A

8<
:

9=
; ¼ T �1var

s1ðg0Þ
s2ðf0;g0Þ
uPSðu;fÞ

8<
:

9=
;T �T ; ðA:6Þ

where uPSðu;fÞ ¼ fd=pðf; x; yÞ � 1guðu; x; yÞ and

T ¼ E

@s1ðgÞ
@gT

@s1ðgÞ
@fT

@s1ðgÞ
@u

@s2ðf;gÞ
@gT

@s2ðf;gÞ
@fT

@s2ðf;gÞ
@u

@uPSðu;fÞ
@gT

@uPSðu;fÞ
@fT

@uPSðu;fÞ
@u

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

:¼ I 0
y t

 �
;

where I is defined in (A.4), y ¼ ½y1y2� ¼ E½@uPSðu;fÞ=@gT@uPSðu;fÞ=@fT �;
and t ¼ E½@uPSðu;fÞ=@u�. Using

T �1 ¼ I�1 0
�t�1yI�1 t�1

 �
;
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y1 ¼ 0; and I�1in (A.5), the righthand side of the equation in (A.6) can be
rewritten as

var
I�111 s1ðg0Þ
I�122 fs2ðf0;g0Þ � I 21I�111 s1ðg0Þg
t�1 UPSðu0;f0Þ � y2I�122 fs2ðf0;g0Þ � I 21I�111 s1ðg0Þg
� �

2
4

3
5: ðA:7Þ

From (A.7), the variance of the PS estimator can be derived as

V ûPS;p
� � ¼ t�1var[UPSðu0;f0Þ � Bfs2ðf0;g0Þ � ks1ðg0Þg�ðt�1ÞT ;

where t ¼ Eð@uPS=@uÞ; and B and κ are defined in (19) by (A.1) and (A.2).

APPENDIX 2

Fully Nonparametric Approach

For simplicity, we assume two categorical auxiliary variables xi = (x1i,x2i), where
x2i is a nonresponse instrumental variable. We denote ny�x�as an observed size of
(y*, x*), which is computed by ny�x� ¼

P
i[S didiIðyi ¼ y�; xi ¼ x�Þ; and my�x�

as an unobserved size of (y*, x*). Then the nonparametric estimates of
pi ; pðx1i; yiÞ ¼ prðdi ¼ 1jx1i; yiÞcan be obtained by the EM method:

Step 0 Assume O(x1,y) = 1 as the initial estimate.

Step 1 (1) Compute the expected value of my�x� ,

mðtÞy�x� ¼ mx�
p̂y�jx�O

ðtÞðx�1; y�ÞP
y p̂y�jx�O

ðtÞðx�1; y�Þ
;

where mx� ¼
P

y my�x� and p̂y�jx� ¼ prðy ¼ y�jx1 ¼ x�1; x2 ¼ x�2Þ:
(2) Compute

OðtÞðx�1; y�Þ ¼
mðtÞy�x�

1

ny�x�
1

;

where my�x�
1
¼Px2

my�x� and ny�x�
1
¼Px2

ny�x� :

Step 2 Repeat (1) and (2) in Step 1 until we obtain convergence inO(t) (x1,y).

Step 3 Compute the final estimates for θj = pr(y = j),

ûj ¼
X
i[A

dip̂
�1
i

 !�1X
i[A

dip̂
�1
i Iðyi ¼ jÞ;

where p̂i ¼ 1þ Oðx1i; yiÞð�1Þ:
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APPENDIX 3

An Illustrative Example

To illustrate the idea of the proposed method, we use the following simple
example. Assume x1, x2, and y are all dichotomous, and assume that we have a
realized sample of size n = 10 as given in Appendix table 1. In the sample, the
y is not observed for elements 3, 6, and 7. Assume that the x2 is the nonre-
sponse instrumental variable so that the response mechanism depends only on
x1 and y. To compute the response probability, we use a fully nonparametric
model and estimate the parameters using the following EM algorithm. In the E
step, we use the idea of fractional imputation as discussed in Kim (2011) and
create the fractional weights as in Appendix table 2. The fractional weight w�ij
is the estimated conditional probability of yi = j given x1i, x2i, and δ = 0. Thus,

w�3j / prðY ¼ jjX1 ¼ 0; X2 ¼ 1; d ¼ 1Þ 1� p̂ð0; jÞ
p̂ð0; jÞ ;

w�6j / pr(Y ¼ jjX1 ¼ 1; X2 ¼ 0; d ¼ 1Þ 1� p̂ð1; jÞ
p̂ð1; jÞ ;

w�7j / pr(Y ¼ jjX1 ¼ 0; X2 ¼ 1; d ¼ 1Þ 1� p̂ð0; jÞ
p̂ð0; jÞ ;

with w�i0 þ w�i1 ¼ 1: In theM step, the parameters are updated using the weight-
ed score equation based on the fractionally imputed data in Appendix table 2.

Appendix Table 1. A Realized Sample of Size n = 10

ID Weight x1 x1 y

1 0.1 1 0 1
2 0.1 1 1 1
3 0.1 0 1 M
4 0.1 1 0 0
5 0.1 0 1 1
6 0.1 1 0 M
7 0.1 0 1 M
8 0.1 1 0 0
9 0.1 0 0 0
10 0.1 1 1 0

NOTE. M: Missing.
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For the fully nonparametric model, we use

p̂ðdi ¼ 1jx1i ¼ a; yi ¼ bÞ

¼
P

di¼1 Iðx1i ¼ a; yi ¼ bÞP
di¼1 Iðx1i ¼ a; yi ¼ bÞ þPdi¼0

P1
j¼0 w

�
ijIðx1i ¼ a; y�i;j ¼ bÞ :

In the simple example in Appendix table 1, the solution from the EM algo-
rithm is p̂11 ¼ 1, p̂10 ¼ 3=4; p̂01 ¼ 1=3, and p̂00 ¼ 1.
On the other hand, the Kott and Chang (2010) method simply uses the fol-

lowing calibration equation to obtain p̂i:X
i

di
p̂ i

Iðx1i ¼ a; x2i ¼ bÞ ¼
X

i

Iðx1i ¼ a; x2i ¼ bÞ:

The above equation reduces to the following set of equations:

X1 ¼ 1; X2 ¼ 1 : p̂�111 þ p̂�110 ¼ 2;

X1 ¼ 1; X2 ¼ 0 : p̂�111 þ p̂�110 þ p̂�110 ¼ 4;

X1 ¼ 0; X2 ¼ 1 : p̂�101 ¼ 3;

X1 ¼ 0; X2 ¼ 0 : p̂�100 ¼ 1:

Thus, the solution from the GMMmethod does not exist.

Appendix Table 2. Fractionally Imputed Data

ID Weight x1 x1 y

1 0.1 1 0 1
2 0.1 1 1 1
3 0:1 � w�30 0 1 0

0:1 � w�31 0 1 1
4 0.1 1 0 0
5 0.1 0 1 1
6 0:1 � w�60 1 0 0

0:1 � w�61 1 0 1
7 0:1 � w�70 0 1 0

0:1 � w�71 0 1 1
8 0.1 1 0 0
9 0.1 0 0 0
10 0.1 1 1 0
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